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1. INTRODUCTION 
Given a nonempty subset K of R n and a function f : K --, R n, the classical variational inequality 
problem, denoted by VI( f ,  K) ,  is to find x E K such that 
( f (x ) ,u  - x} >_ 0, for all u E K, 
where {., .} is the inner product in R '~. The problem VI(f ,  K) has been well investigated both 
in finite and infinite dimensional spaces, see, e.g., [1-11]. During the past years, several gen- 
eralizations of VI ( f ,  K)  were proposed and existence results of these generalized problems were 
also studied. We note that no necessary and sufficient conditions that ensure the existence of all 
kinds of variational inequality problems were investigated except VI( f ,  K) [12, Theorem 4.2] and 
general variational inequality studied by Yao [13, Theorem 3.4]. 
In this paper, we shall consider the following implicit variational inequality problem, denoted 
IV IP(K ,  C, X, F, 9), which is to find x E X(x )  and y c F(x)  such that 
g(x, y, u) >_ 9(x, y, x), for all u E X(x ) ,  
where K C R n, C C R m, X : K --~ 2 K, F : K --+ 2 c, and g : K x C x K :~  R. When 
n = m, C = R '~, X (x )  = K for all x E K,  F is a single-valued function, g(x ,y ,u )  = (y,u - x} 
for all x ,u ,E  K ,  and y E C, the problem IV IP (K ,C ,X ,F ,g )  reduces to the problem V I ( f ,K )  
with f = F.  It is also noted that the implicit variational inequality problem considered in this 
paper generalizes all kinds of generalized variational inequality problems in the literature. 
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Typeset by .A)AS-TEX 
83 
84 P. CUBIOTTI AND Z. C. YAO 
The aim of this paper is to study necessary and sufficient conditions under which the implicit 
variational inequality problem will have a solution. The main result of this paper seems to be 
new and interesting. 
2. PREL IMINARIES  
First, we recall some definitions. Let K and C be nonempty subsets of R g and R M, respec- 
tively. We say that the multivalued mapping ~ : K ~ 2 C is lower semicontinuous on K if for 
each open set O C C, the set ~- (O)  = {x • K I ~(x) NO ¢ 0} is open in K. We recall 
(see [14]) that if • has nonempty values, then ~ is lower semicontinuous on K if and only if for 
any sequence {xn} in K convergent to x • g and each y • O(z), there exists a sequence {Yn} 
in C such that Yn • ¢(xn) for each n and Yn --~ y as n -* oo. 
We say that • is upper semicontinuous on K if for each open set O C C, the set ~+(O) = {x • 
K I O(x) C O} is open in K. We say that • is continuous on K if it is both upper semicontinuous 
and lower semicontinuous on K. The graph of O is the set {(x,y) • K x C ly • O(x)}. 
A nonempty compact metric space E is said to be acyclic if the homology group Hn(E) 
vanishes for all n > 0 and the reduced 0 th homology group vanishes. It is known that the 
product of two acyclic spaces is also acyclic. A topological space E is said to be contractible if 
the identity mapping of E is homotopic to some constant mapping of E into itself. Any convex 
set is contractible and any contractible set is acyclic. 
For r > 0, let Br be the closed ball in R g with center at 0 and radius r, and let Kr = K A Br. 
3. THE MAIN RESULTS 
In this section, we shall derive some necessary and sufficient conditions for the existence of 
solutions of the implicit variational inequality problem. To this end, for each positive integer n, 
we consider the following restricted implicit variational inequality problem: 
IV IP(K,  C, X, F, g)n. Find x,~ E Xn(xn), Yn E F(xn) such that 
g (xn, Yn, u) > g (xn, Yn, xn), for all u e Xn (xn), 
where Xn : Kn --* 2 Kn is defined by Xn(x) = X(x)  N Bn for each x E Kn. 
THEOREM 3.1. Suppose that IVIP(K, C, X, F, g) has a solution. Then there exists a positive 
integer no > 0 such that for each integer n > no, IVIP( K, C, X, F, g)n has a solution ( x,~, Yn) and 
the set {(xn, Yn) I n >_ no} is bounded. 
PROOF. Suppose that IVIP(K, C, X, F, g) has a solution. Then there exists (x, y) E K × C such 
that x • X(x) ,  y • F(x) and 
g(z, y, u) > g(x, y, x), for all u • X(z) .  
Let no be a positive integer such that x • Bno and x,~ = x, y,~ -- y for all n >_ no. Then for each 
n _> no, (x,~, y,~) is a solution of IVIP(K, C, X, F, g)~ and it is clear that the set {(x,~, yn) I n > no} 
is bounded. 
THEOREM 3.2. Suppose that the graphs of X and F are closed, X is lower semicontinuous with 
nonempty values, and g is continuous. If there exists a positive integer no > 0 such that for each 
integer n > no, IVIP(K, C, X, F, g)n has a solution (xn, Yn) and the set {(xn, Y,0 I n > no} is 
bounded, then any limit point of the set {(xn, Yn) I n > no} is a solution of IVIP(K, C, X,  F, g). 
PROOF. Since the set {(xn, Yn) ] n > no} is bounded, we may assume without loss of generality 
that (xn, Yn) --* (x, y) for some (x, y) • K x C. For each n > no, as (xn, Yn) is a solution of 
IVIP(K, C, X, F, g)n, we see that x,~ • X~(x,O, Yn • F(x,O, and 
g(xn,yn,u)>_g(xn,yn,xn) ,  fo ra l lueXn(xn) .  
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Note that X,~(zn) C X(xn)  for each n. The closedness of the graph of X ensures that x E X(x) .  
Also, y E F(x)  by the closedness of the graph of F. Now for each u E X(x),  let m be positive 
integer such that m _> r0 and Ilull < m. Since x~ --* x, by the lower semicontinuity of X, there 
exists a sequence un such that un E X(xn)  and un --+ u. It then follows from the fact flulI < m 
that there exists positive integer k such that Un E Bm for all n > k. Letting 1 = max{m, k}, for 
each n >_ l, we have Un E Xn(xn) and 
>_ g(x ,yn,x¢. 
Consequently, g(x,y, u) > g(x, y, x) by the continuity of g and therefore (x, y) is a solution of 
IVIP (K, C, X, F, g). 
The following result is then an easy consequence of Theorems 3.1 and 3.2. 
THEOREM 3.3. Suppose that the graphs of X and F are closed, X is lower semicontinuous with 
nonempty values, and g is continuous. Then the problem IVIP( K, C, X, F, g) ha a solution if and 
only if there exists a positive integer no > 0 such that for each integer n > no, IVIP( K, C, X,  F, g)n 
has a solution (xn, yn) and the set {(Xn, Yn) ] n > no} is bounded. 
In the following, we shall employ Theorem 3.3 to derive some existence results for the problem 
IVIP(K, C, X, F, g). We first derive the following result when K is compact. 
THEOREM 3.4. Let K be a nonempty compact convex subset of lt N and C be a nonempty closed 
convex subset of R M. Suppose that the foIlowing assumptions are satisfied: 
(i) X : K --~ 2K\{~} iS continuous with compact convex values, 
(ii) F : K --~ 2c\{1~} is upper semicontinuous with acyclic values, 
(iii) g: K x C x K --* R is continuous, and 
(iv) for each (x, y) E K x C, the following set is acyclic: 
V(x,y)  = ~u E X(x)  i g(x,y,u) -~ min g(x ,y ,s )~.  
I 
[ seX(x) ) 
Then there exists a solution to IVIP( K, C, X,  F, g). 
PROOF. Since K is compact and F is upper semicontinuous with compact values, by [15, Theo- 
rem 3, p. 116] the set F(K)  is also compact. Let H be the convex hull of F(K) .  Then K x H is 
compact and convex. Now let G : K x H --~ 2 Kxg be defined by 
C(x,y) = V(x,y)  × F(x), 
for each (x, y) E K x H. Taking into account assumptions (i)-(iv) and [14, Proposition 1.4.8], it 
is easy to realize that O has closed graph and nonempty acyclic values. Therefore, again by [14, 
Proposition 1.4.8], G is also upper semicontinuous. By invoking [16, Theorem 3], the mapping G 
has a fixed point, say (x, y). It is then clear that (x, y) is a solution to IVIP(K, C, X, F, g). 
Condition (iv) of Theorem 3.4 wilt be satisfied if, for example, for each (x,y) E K x C, the 
function s ~-~ g(x, y, s), s E K is quasiconvex. 
We next derive an existence result for IVIP(K, C, X, F, g), where the set K need not be 
bounded. 
THEOREM 3.5. Let K and C be nonempty dosed convex subset of R N and t~ M, respectively. 
Suppose that the following assumptions are satisfied: 
(i) X : K ---* 2K\{0} is lower semicontinuous with closed graph and compact convex values, 
(ii) F : I (  --* 2c\{~} is upper semicontinuous with acyclic values, 
(iii) g: K x C x K --* R is continuous, and 
(iv) there exists positive integer no such that for each n > no and for each (x, y) E I( × C, the 
following set is acyclic: 
V(x,y):{uEX(x)NBnlg(x,y,u): sex(x)nB..min g(x ,y ,s )} .  
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Suppose also that there exists a nonempty bounded subset D of K such that 
(v) X(x)  A D is not empty for all x E K,  
(vi) for all x E K \D  with x E X(x) ,  and for each y E F(x), one has 
inf g(x, y, u) < g(x, y, x). 
uEX(x)MD 
Then there exists a solution to IVIP( K, C, X, F, g). 
PROOF. Let ko be a positive integer such that k0 > no and D c intBko, and let n > k0. By [17, 
Proposition 3.1], the multivalued function Xn defined in the beginning of this section is continuous 
on Kn. 
It then follows from Theorem 3.4 that IVIP(Kn, C, Xn, F, g) has solutions. Therefore, there 
exists xn E X,~, y~ E F(xn) such that 
g (xn, Yn, u) >> g (xn, Yn, x~) for all u E Xn (xn). 
By (vi) we get zn E D. Therefore, the whole sequence {xn} lies in D. Since by (ii) the set F(clD) 
is compact (where clD denotes the closure of D), it follows that the set {(Xn, Yn) I n > k0} is 
bounded. Since the graph of F is closed, by Theorem 3.3 the problem IVIP(K, C, X, F, g) admits 
a solution, as claimed. 
We note that if the set D in Theorem 3.5 is also closed, then IVIP(K, C, X, F, 9) will have a 
solution (x, y) belonging to D x C. From Theorem 3.5, we can also derive the following corollary 
which has many important applications. 
COROLLARY 3.6. Let K and C be nonempty closed convex subset of J~ N and R M, respectively. 
Suppose that the following assumptions are satisfied: 
(i) X : K --* 2K\{~} is lower semicontinuous with dosed graph and compact convex values, 
(ii) F : K --* 2c\  {0} is upper semicontinuous with acyclic values, 
(iii) g : K x C x K --~ R is continuous, 
(iv) for each x E X(x)  and y E F(x), g(z, y, x) >_ O, and 
(v) there exists positive integer no such that for each n > no and for each (x, y) E K x C, the 
following set is acyclic: 
V (x 'Y )= { uE  X(x)  NBnig(x'y'u)=sex(x)nB,~min g(x,y,s)~.) 
Suppose also that there exists a nonempty bounded subset D of K such that 
(vi) X(x)  • D is not empty for all x E K, 
(vii) for all x E K \D  with x E X(x),  and for each y E F(x), one has 
inf g(x, y, u) < O. 
uEX(x)ND 
Then there exists (x,y) ~ K x C such that x E X(x), y E F(x) and 
g(x, y, u) > O, for a11 u e X(z) .  
By noting the remark after Theorem 3.5 and Corollary 3.6, we see that Corollary 3.6 generalizes 
Theorem 3.2 of [18] in many directions. 
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